ABSTRACT
INTRODUCTION
Ambiguities in 3D motion recovery from noisy flow fields have been reported by many researchers [ 1, 2, 3] . Because of the observation noise, under many circumstances, multiple admissible camera motion and scene structure interpretation exist for a given noisy flow field. One dominant ambiguity arises from the similarity between the flow fields generated by translation parallel to the image plane and associated rotation [3] when the size of the field of view is small. Since this translation-rotation confusion is inherent, actively fixating on the focus of expansion is suggested in [3] to keep the lateral translation as small as possible such that this ambiguity can be attenuated. However, active control of camera motion is not available in many applications, such as passive navigation. One alternative way to eliminate this translationrotation confusion is to exploit inertial rate data obtained from camera-fixed gyroscope. By using the inertial rate data, the flow field generated by pure rotation can be roughly predicted and hence the flow field generated by pure camera translation can be computed by subtracting the rotational flow field from the original observed flow field. Based on this noisy pure translational flow field, camera translation and 3D scene structure can be robustly estimated [4] . The translation rotation confusion can be completely eliminated when the inertial data are accurate.
Although the inherent ambiguities in Sfh4 from a noisy flow field have been analyzed by many researchers, whether the ambiguities can be removed by using multiple frames has not been widely addressed, i.e. the uniqueness of solution for SfM using noisy feature correspondences has not been established yet. Although many batch and recursive estimators have been proposed for SfM using a set of noisy feature correspondences from long sequences, there is no guarantee that these methods can find a robust solution. In this paper, we also show that multiple admissible solutions exist for some sequences when the the size of the field of view is small under certain measurement noise level and inertial rate data can be used to reduce the size of the admissible solution space.
TRANSLATION-ROTATION AMBIGUITY ELIMINATION FOR SFM FROM NOISY JXOW FIELD
The flow field is related to the 3D camera motion and feature structures by the well known flow equation
where ( u t , wt) and (U,, wr ) are, respectively, the translational and rotational components of the flow field and they are given
where (tr , t,, t z ) is camera translation and (us, w, , w z ) is camera rotation. In practical applications, the observed flow field is corrupted by additive noise.
where nu and nu are white noise with covariance U: and U,", respectively. Multiple admissible camera motion and scene structure interpretation exist for a given noisy flow field under many circumstances. The dominant ambiguity, translation rotation confusion, arises from the similarity between parallel translational flow fields associated rotational flow fields [3] when the size of the field of view is small. The availability of inertial rate data makes it possible to eliminate this translation rotation confusion, hence greatly reducing the ambiguities in 3D motion recovery from noisy flow fields. In practice, the inertial rate data are also corrupted by noise. The measurement equations are
where n,, n, and n, are also additive white noise with covariance U:, U; and U:, respectively. By using the inertial data, the flow field generated by camera rotation can be predicted as (6) A noisy pure translational flow field can be computed by subtracting the predicted rotational flow field from the originally observed flow field.
(9) (10)
and similarly, we can have where nu,t and nv,t are the observation noise for the pure translational flow field with covariances U:,, and a:,,, respectively and (11) Once the noisy translational flow field and associated measurement noise characterization is obtained, translation and 3D scene structure can be robustly estimated [4] when the inertial data are accurate, i.e. the inertial data observation noise covariances (U:, ay", U,") are small. Hence, the effects of translation rotation confusion are considerably reduced.
AMBIGUITY REDUCTION FOR SFM FROM MULTIPLE VIEWS
In this section, we synthesize an image sequence and show that at least two admissible solutions exist for this image sequence. The admissibility of a solution x is measured by the likelihood function of the observation ho given x.
When the measurement noise is Gaussian, Q(X, ho) is proportional to the weighted-square-cost C(x, ho). C(x, ho) is given by (13) where h(x) is the measurement equation and R is the covariance matrix of the measurement noise.
Existence of Multiple Solutions
Two 3-D coordinate systems are involved to describe the camera motion and feature point structures. One is an inertial world coordinate system and the other is a camera coordinate system which has its origin overlapping with the focal point of the camera. These two coordinate systems are coincident when the first image frame in a sequence is captured. For convenience, we call the world system I and the camera system C. When camera moves, I remains fixed on the ground while C moves with the camera. Hence, a static scene point will have a varying coordinate in C when the camera moves. The perspective projection of the feature point on the image plane forms the image of that point. This camera model we used in our approach is very similar to the one used in [6, 7] .
In our simulation, we employed a virtual camera with focal length 2560 pixels to produce the video sequences with image size 512 x 512. The camera translates along X axis with constant velocity -0.2 per second and rotates about Y axis with constant angular velocity 0.1 radian per second. Fourteen feature points are tracked through 57 image frames. Additive white Gaussian noises with zero mean, 2 pixels standard deviation are added to the synthesized image sequences.
The structure parameters are set as shown in Table 1 . For each feature point, (U, U) is the position of the perspective projection of the feature point onto the image plane in the first image frame and LY is the true depth of the feature point. It is easy to check that these feature points are non-coplanar and they are not on a cone surface containing the center of projection. Hence, they satisfy the assumption of the uniqueness theorem in [SI. In [6] , the task of estimating camera motion and scene structure is cast into an extended Kalman filtering (Em) framework. Camera motion and scene structure are set to be the state parameters. They can be estimated given the 2D projections of the feature points in the image sequence in a recursive way. By using the EKF estimator Table 1 . We denote this false solution as S f . We could see that this set of solution is far away from the ground truth. Let us check the admissibility of these two solutions. Since we assume the measurement noise is Gaussian, the likelihood function is proportional to the weighted-square-cost. The resulting weightedsquare-cost of St and Sf are 2553.9 and 2255.1, respectively.
We could see that it is hard to distinguish between these two solutions. The false solution even gives a lower cost than the true one. Hence, this example illustrates that multiple admissible solutions exist for SfM using noisy feature correspondence over image sequences. Here, admissible solutions are referred to the solutions which can produce comparable cost with the true solution. This example also gives an insight on the reverse-depth phenomenon in [6] where depth reversal of the structure and motion were occasionally experienced when the size of field of view is small. The existence of another solution plays a key role when the recursive estimator proposed in [6] converges to reversed depth.
Ambiguity function analysis
To visualize the existence of multiple admissible solution in the solution space, ambiguity function analysis is performed for the above scene structure and camera motion. The ambiguity function is often used in error analysis [9] for maximum likelihood estimation or least-square estimation. Assume that the measurement model is given by z = h(x, v) (14) where z is the observation and x is the state vector and v is the noise. Then if 2 is a maximum likelihood estimate, the 
The shape of ambiguity function can give a direct feel of the solution space of a particular estimation problem. We compute the ambiguity functions around St and Sf and the contour lines of the associated ambiguity functions are shown in Figure 1 . It can been seen that there are two peaks with comparable maximum values around the two solutions. One way to remove the false solution Sj is to use the inertial rate data described in Section 2 and use it as a direct measurement of the inter-frame rotation in the extended Kalman recursive estimator [6] . We can obtain a solution similar to St and the resulting cost function is 3096. The cost function of St increases dramatically to 5 1763. Hence, Sf is not admissible any longer once the inertial data are available. We also compute the ambiguity functions around St and Sj in this case and the contour lines of the two ambiguity functions are shown in Figure 2 . The maximum value of the ambiguity function around Sj is negative and it will be not accepted as a solution. Hence the use of inertial rate date can reduce the number of admissible solutions. show camera translation (inch). (e) shows the camera rotation about X axis (radian).
Experiments using real image sequences
A video sequence containing inertial data was used to test our algorithm. The video camera we used captures 25 image frames per second with a field of view (FOV) 46 x 34 (degrees). The size of the output image is 320 x 240 (pixels). Feature points are detected in the first frame and tracked automatically through the sequence. When this sequence was captured, the camera was moved on a straight train track with approximate constant velocity 11.25 inches per second. Figure 3(a) is the first frame of this sequence with labeled feature points and Figure 3(b) is the last frame of the sequence with feature trajectories. In Figure 3 , the bar-code containinginertial information can be seen at the bottom of the image frames. Figure 4 shows the motion estimates obtained using the method proposed in [6] ( dashed lines ) and our approach with inertial data ( dotted lines ). The ground-truth of the motion parameters is also shown using solid lines. In Figure 4 , (a), (b) and (c) show camera translation in inch and (e) shows the camera rotation about X axis in radian. It can be seen that the motion estimates obtained using the inertial data are more accurate than the estimates from the method described in [6] . We also computed the weighted-square-cost of both solutions. Surprisingly, if only image measurement is taken in account, the one further away from the ground truth has a lower cost of 827 than the the other which has a cost of 911. This also shows the existence of multiple solutions. Of course, once inertial data were added into observation, the false solution had a much higher cost than that of the true solution. Hence, only the true solution is accepted as a valid solution.
CONCLUSIONS
Inertial rate data can be used to eliminate the translation rotation confusion in SfM from the noisy flow field. Multiple admissible solutions exist for SfM from feature correspondences tracked through long image sequences and the size of the admissible solution space can be reduced by using the inertial rate data.
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